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Abstract

For a semi-continuous model of the Boltzmann equation (1) peculiar solutions are obtained and generally the global existence
of solutions of the initial value problem is discussed. The global existence is possible even in some cases for partially negative
initial number densities, which are not physical problems, but mathematical ones. It can be shown that in some cases the entropy
begins to increase, reaches a maximum and decreases again.
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1. Introduction

The purpose of our work is the study of a semi-continuous model of the Boltzmann equation. The name semi-continuous
means that the moduli of velocities are discrete, however the directions vary continuously. The following equation is to be
studied:

2
%t;e)=%/{N(t;d))N(t;d)—i—ﬂ)—N(t;@)N(t;@—i—n)}dd). 1)
0

This equation is obtained by a limiting process from the discrete kinetic theory [1]. The unknown fuNi€tigh, a number
density, is periodic i, with the period 2, and depends on the two independent variablggne, and?, an angle. The right-
hand side of Eq. (1) represents the collisions terms; the Maxwellian solutions, or equilibrium solutions are those for which the
right-hand side is zero.
If the initial dataN (0; 9) have the period2/n, then the solutions also possess the same peN¢d:0 + 27 /n} = N(¢; 0).
For any functionF (- ; 8), we introduce the mean value on the intervat 6 < 2r:

2
1
(F(~,9)>=Z/F(~,9)d9. @)
0
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(N(t; 0)) is by definition independent df, but it is also independent of as a consequence of Eq. (1); then we will put
(N(t;0)) = (N(0; 6)) = (N). One can also derive the following relation:

17 17
—/N(z;e)de=—/N(z;9)d9=(1v). 3)
T T

0 b4

When the functionV (0; 8) has the periodr in 6: N(0; 6 + ) = N(0; 6), then the solution of Eqg. (1) has the same period,
and the general solution has been already obtained and discussed in previous investigations [4,5]. The solution is given, in a
parametric form, by the formulas (6) and (7), whé&eg, is a constant, and:

N(0;6) — (N) .
ng() = ———, a =infng(6), b =supng(6).
(N)
As (ng(0)) = 0 whenN (0; 0) is a constant and not zere|s strictly negative and strictly positive.
Using the following formulas:

¥ (z) = exp|2(Log[1+ zno(9)])}. @)
Z
Q(z)=2Qoo/exp{—2<Log[1+zno(0)]>}dz. (5)
0
Z
2(N)t(z) = — Log{l— 2/ exp{—2Log[1+no(0)]} dz}, (6)
0
N*(z;6) 0@ no® [ no®)
(N) _1”’(2){1 Qoo }{1+Zno(9) <1+zno(9)>}' @

We have proved [7,8] the conjecture on “eternal” positive solutions: the only “eternal” positive solutions are constants,
which, for the case of solutions with periad are the Maxwellian solutions.

The purpose of the present paper is to study the solutions of Eqg. (1), when the initial data have thespebiatchdt the
periods. We will consider models which in the physical plane are symmetric versus the ab8cis€athe initial data always
satisfies the conditio (0; 2r — 6) = N(0; 0), and as a consequence we gétr; 2r — 0) = N(¢; 0). Therefore Eqg. (1) can
be replaced by the following equation:

T

aN;tt;e) = % /{N(t; PNt ¢p+7) — N(t; 0)N(1; 60 + )} dop. 8)
0

2. Analytical study of solutions
2.1. The Boltzman#/ -function

We introduce the functioi (1) = H{N(¢; 0)} by the following relation:
1 T
H®) =5 /{N(t; 0) Log|N(1:0)| + N(t; 6 + ) Log| N (t; 6 + )|} do
JT
0

which is a functional of the solutiolV (z; 6) of Eq. (1). For positive values df (¢; 9), the functionH (¢), called the Boltzmann
H-function, has a lower bound:

2
H{N(z;e)}=%/N(z;e)l_og|1v(z;9)|de2—%. 9
0

PuttingN (; )N (t; 6 + ) = X (t; 0), and using the relation (8), we obtain the following relations (10) and (11):
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2+ Log|X (1;0) |} X (t: ) — X (1:0)} do dgp, (10)

dH (¢)
dr 272

dH(@) 1 r
dr 27'[2./
0
2+ Log|X(t; ) |[H{X (t:0) — X (t: )} dgp . (11)

0

/i
/i

By subtracting (11) from (10) we get the following relation:

dH (1)

dr Xt ¢

T
%//{Log‘x(t’e)‘}{X(t;dn)—X(t;@)}d@dd). (12)
00
The physical case corresponds to positive values of the functdomst), because they represent number densities.
But Eq. (1) can also have nonphysical solutions for whi¢fr; 6) could be negative; this is the case, e.g.Nif0; 0) =
(N){1+ rcoq29)}, when 1< |r|, for which we know [4,5] that the solution exists globally towards the future, if furthermore
Ir| < 8/3.
When the functiongv (z; 6) are positive, also the functios(s; 8) and X (¢; ¢) also positive, and the derivativetr) /dr
is negative or null, because the prodytt— y)Log|y|, for y > 0, is negative (or null, ify = 0). The functionH (¢) is then
decreasing, and as it is greater thad/e, the final state H (+00) = Hy, is an equilibrium. For this stat& (+o0; ¢) =
X (+00; 0); and then(dN /dt)(+o0; 8) = 0. A similar result is valid for = —oo, when those solutions exist globally towards
the past. It is also possible that, for some values of the time, the funéfigi has increasing character; of course this
corresponds to times for which the functidiz; 0) is partially negative.

2.2. Maxwellian solutions

The two functionsV (¢; 8) and N (¢; 6 + ) have the same derivative with respect to the time, and therafared + ) —
N(t; 0) = h(0), the functioni(0) being determined by the initial conditions. Furthermore, for the positive valudgob),
the productV (+o00; )N (+00; 0 + ) = k2is independent of. Then

N(400; 0) = —h(8) + / k2 + h2(8). (13)

These result is an analytical result for the solutions with petioBor the solutions with period2 it is a numerical one. In
fact, all the following results concerning the solutions with periad are a consequence of the constant value of the product
N (400; 0) N (+00; 6 + 7). In all examples given, this product is constant, and we have obtained no example for which this
product is not constant.

When the solutionV (¢; 8) has the periodr, the equilibrium solutions, Maxwellian solution, is constant. When the solution
has the period2, but not the periodr, the solution, Maxwellian solution, is not constant and given by formula (13).

2.3. Peculiar solutions

The functioni(9) has the property (6 + 7) = —h(6), and the functioh2(9) has the periodr. The functionM (t; 0) =
N(t;0) + h(9) has also the period, and satisfies the equation:

2

IM(t;0) 1

%) = /{Mz(t; ¢) — M2(1;0)} d0 + b(6), (14)
0

with

1 T

b(0) = h2(0) — ;/h2(¢) dop. (15)

0

The mean valuéb(0)) is equal to zero. When the functiai9) is also equal to zero, the Eq. (14) is the same as Eq. (1), for the
unknown functions with period ; the general solution is given by formulas (6) and (7). Using these remarks, it is easy to obtain
peculiar solutions for Eq. (1), which have the period, But not the periodr. To obtain such a solution it is necessary, and of
course sufficient, thdiz(e) should be constant, which corresponds to models, called “nonsymmetrical toothed wheels.” Figs. 1
and 2, represent one of those models for the timesO ands = +o00; the model represented corresponds to the following
solution:
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1—3re 2N 2r ;
1—3re= AN 2r
N(t’0)=<N)m+<N)l—r, fOI’90°<9<120°,
1+3re*2<N>t 2r
N(t,e):(N)m-f—(N)l_r, fOI’120°<9<180°,
1—3re 2N} 2r
1—3re= AN 2r
1+ 3re= AN 2r
N(t,@):(N)m—(N):, fOI’300°<9<360°
As (N) is positive, the limitsNV (4+-o00; ) and N (—oo; 0) are:
1+3
N(+00:6) = (N) 1+ " for0° <0 < 90, (16)
—r
1
N(400:6) = (N)1+r, for 90° < 6 < 27CF, (17)
—r
1-3r
N(400:6) = (N) for 270° < 6 < 30, (18)

1—r’
and
2(1+7r)(1-3r)

2(3—=r)(8-5r)
(1-r)2 '

N (+00; 0)N (+00; 0 + 1) = (N) (1-r)2
—-r

, N(—00;0)N(—00; 0 + 1) = (N)

2.4. Nonsymmetrical daisies

If we choose the initial data according to the formula:
N (0;0) = (N){1+rcosnd)}, (19)

the solutions are given by nonsymmetrical daisies. Whieneven: = 2m, m € N, the solution has the period, and has been
computed explicitely [4,5] in the form:

4 z 1 z 3
2N (2) = Lo {1__[ __( )“ 20
Wit Wrlirvicz 3\ iz 20
N} (z;0) _ E(z) r coS(2mo) r
(N) _1+T{1+Zcos(2m0)+1_z2+ 1_z2}’ @1
with
E(2) = (L+V1—22)%exp{—2(N)1(2)}. (22)

For r < 8/3, the solution is global in time towards the future; for 8/3 the solution blows up at the timrg", which is
independent ofx:

8
2r=—Llog(1-— ). 23
s =-tog(1-3 ) 23

When the time is infinite, the limiv (+-o0; 8) = (N) is constant, independent &f and ofm.
From the formulas (20) and (21) one gets:

Noy, (5 0) = No(t; mb). (24)
In Fig. 5 as an initial distribution a daisy with 6 petals is represented: Eotoo the daisy is reduced to a circle.
Whenn is odd,n = 2m + 1, m € N, we arrive at a similar relation:

Nop41(t;0) = N1{t; (2m + 1)6}. (25)

To obtain this result, it is sufficient to replace in Eq. @1by (2m + 1)0, 6 + 7 by (2m + 1)(6 + 7), ¢ by (2m + 1)¢, and
¢+ by (2m+ 1)(¢ + 7). To study the nonsymmetrical daisies, it is sufficient to compute the solijén 0). Unfortunately
we have not been able to find any relation betwag(¥; 6) and N»(¢; 6).
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3. Numerical study
3.1. Global existence

For the symmetrical case, that means for the solutions with periad Eq. (1), when the initial data are given, if the
solution N (¢; 6) exists globally in time towards the future and towards the past, there are “eternal” solutions given analytically
by the formulas (4)—(7). We recall the results, which depend upon the minimand of the maximunb of the ratio
{N(0; 6) — (N)}/{N), and of the value,, defined by relation:

Zoo
1-2 / exp{—2(Log[1+ £nq(6)])} d& = 0. (26)
0
Theorem 1. Let N(0; 6 + 7)) = N(0; 0). The initial value problem for Eq(1) possesses a solution which is global in time
extending to the futur@¢ > 0) if and only if the following inequality is satisfied
1

Zoo < ——.
a

Theorem 2. Let N(0; 6 + 7)) = N(0; 0). The initial value problem for Eq(1) possesses a solution which is global in time
extending to the past < 0) if and only if

N(@©;0)=b (26)
is valid on intervals the sum of which is greater or equal

For the nonsymmetrical case, as we did not succeed to obtain the analytical solution to Eq. (1), we have performed numerical
integrations [6] using the Gauss method to compute the integral term (which represent the collisions),

1
. . 2(1-6))?
f(t;6)do is approximated by Y  ——/~ (27)
/ Z n2P,_1(6;)
-1 J
with
1l
P,(x) = L d (xz - 1)". (28)

2><4><~-~><(2n)W
The polynomialsP, (x) are the Legendre polynomials, aridvaries from 1 to 100. The initial dat& (0; #) are defined

by their Fourier series, and the program computes the solifiend). Essentially, the cases of nonsymmetrical daisies were
studied, for which the following equation holds:

Ny (0;0) = (N){1+ r cosn®)}. (29)

The maximum value of for which the solutiongV; (¢; 6) exist globally towards the future only depends on the parity;afis
r = 8/3 for even values of. These results are a consequence of relations (20)—(22). When the solutions do not exist globally
towards the future, the time& of explosion, for even, is given by relation (23).
If n is an odd number, for < 1.569... the solution is global in time. For> 1.569..., the timesr;r which are calculated
by numerical integrations are given in Tables 1 and 2 and are compared with values corresponding to the caseaevieen
The limit N (+o00; 6) is (N), whenn is even. Whem is odd the limit is given by formula (13) whetg6) = —(N)r cognb);
k2= (N)2£2(r), is independent of, and:

N(400;0) = (N) [ r cosnd) + \/ 12(r) + r2cof(nd) ] (30)
Whennr is odd, for small values of one gets
2
f2ry=1- % +0(r%), (30)
and:

2
N(+oo;0)=(N){1+rcos(n9)+%cos(2n9)+-~-}. (30)
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Table 1

Times of explosion whew (0; ) = (N){1+ r cogn6)}

r 17, if nis even t;7, if nis odd
9 0.176 0.322

7 0.240 0.431

5 0.382 0.658

3 1.106 1.379

2.6 global existence 1.787
2.2 2.586

1.8 5.186

14 global existence
Table 2

Values of £2(r), whenN (0; ) = (N){1+ r cosn6)}

r f?,if nis even f?,if nis odd
0.0 1.000 1.000
0.4 1.000 0.921
0.8 1.000 0.693
1.2 1.000 0.348
1.569 1.000 0.000

3.2. Entropy

The entropy is defined by relation (9), and its derivative is given by relation (12). When the funtiof) is positive the
derivative (12) is negative. If we consider not the physical problem, but only a mathematical problem, the fuN¢tiahs
can be partially negative, for example, if one chooses the initial Ng@a6) partially negative. It is the case, for example, for
the daisiesV(0; ) = (N){1 + r cogn6)}, with |r| < 1, nevertheless the solution exists globally towards the future. For these
examples it is possible that, near the initial time, the entropy could be increasing. Table 3 give the values of entropy, near the
initial time, for the daisies with = 1.5.

The values off () are the same for all even valuesmfthey are also the same, but different for all odd values.&hen
n is even the entropyH (¢) is always decreasing. Whenis odd the entropyH () is always decreasing for < 1.414; for
r > 1.414 the entropy begins to increase, has a maximum, and then decreases; those cases correspond, of course, to partially
negative initial datav (0; ). Forr = 1.5, andn odd, the maximum, reached foe= 7.60, is H(7.60) = 4.62744. ... When the
time ¢ becomes infinitéd (¢) tends to 0, ifz is even; whem is odd, the limit value off () is a function ofr:

r H(c0)
0.0 0.000
0.5 0.398
1.0 1.689
1.5 4.465
Table 3
Values ofH (t) for N(0; 0) = (N){1+rcognd)};r =15
t H(t),if nis even H (1), if nis odd
0 4.463 4.476
2 2.358 4.548
4 0.990 4.598
6 0.453 4.622
8 0.212 4.627
10 0.099 4.619

00 0.000 1.465
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All these results are proven by formulas (20) and (21), whéneven; they have been obtained numerically whénodd.
3.3. Explanation of the figures

Figs. 1 and 2 represent a solution called toothed wheel, given in Section 2.3, at initial time (Fig. 1) and when the time is
infinite (Fig. 2).

Fig. 3 represents the solutionsr; 8) as function of the time, whenN (0; 8) = (N){1+ 8cog6)} for different values ob.

Fig. 4 represents the solutiongt; 0) as functions of the time, whenN (0; 8) = (N){1+ r cog6)} for different values of,
0 being fixed.

Fig. 5 represents the solutiovi(z; 6), whenN (0; ) = (N){1+ 0.2 cog66)}, daisy with 6 petals, at times= 0 and: = +o0.

Fig. 6 represents the solutidn(z; 6), whenN (0; ) = (N){1 + cog30)}, daisy with 3 petals, at timgs= 0 andt = +oo.

Fig. 7 represents the solutidvi(z; 6), whenN (0; ) = (N){1+ 0.2 cog50)}, daisy with 5 petals, at times= 0 andt = +o0.

Fig. 8 represents the solutidvi(z; 6), whenN (0; ) = (N){1+ 0.9 cog50)}, daisy with 5 petals, at times= 0 andt = +oo.

4. Conclusion

The results we have obtained concern the nonsymmetrical solutions of Eq. (1), which is a semi-continuous model of the
Boltzmann equation. First, we have built a family of peculiar solutions: the models of toothed wheels. Secondly, we obtained
some analytical properties for the nonsymmetrical solutions: the behavior when the time increases indefinitely, the form of the
Maxwellian solutions, which are not constant, contrary to the case of symmetrical solutions. Thirdly we have studied, both
analytically and numerically the models of daisi®&0; r) = (N){1 + r cogn6}, wheren is odd; the times of explosions are

Fig. 1. Toothed wheel,= 0. Fig. 2. Toothed wheel, = +-oc0.
70 T T T T
60 F theta=1.01;t=0.3692 ------ i
theta=2.03;t=0.3692 ----
| theta=3.14;t=0.3692 —— |
50
40 [ .

1 | 1 1 | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

-10

Fig. 3. N(0; 0) for some values of, N(0; 0) = (N){1+ 8cog0)}.
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I l ! | ! v
40 - r=7;t=0.4315 —— : | |
r=7.5;t=0.3978 ----- | |
r=8;[=0.369 o | |
30 r=9;t=0.3224 | : ]
r=10;t=0.2862 — — / !
S
20 . | |
b = T T ,‘ |
ob T i |
-10 ; : ! I | I | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 04 0.45

1.5

~15 I I I
-1.5 -1 -0.5 0 0.5 1 1.5

Fig. 5. Daisy with 6 petalsy (0; 0) = (N){1+ 0.2cog66)}.

-5 -1 =05 O 0.5 1 1.5 2 2.5

Fig. 6. Daisy with 3 petalsv (0; 8) = (N){1 + coq30)}.
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1.5 T T T T T
=0 —
t=+00 ------
= i
0.5 b
oF i
-05 b
S1F -
_15 1 I I I I
-15 -1 -0.5 0 0.5 1 1.5

Fig. 7. Daisy with 5 petalsy (0; 0) = (N){1+ 0.2cog50)}.

5 1 I I L I I
-2 -15 -1 -05 0 05 1 15 2 2

Fig. 8. Daisy with 5 petalsy (0; 0) = (N){1+ 0.9cog50)}.

independent of the numbaer of petals, similarly to the symmetrical cases, whers even, but in both the cases the values,
which depend only om are not the same. In the first case the explosions appear=0t.569..., in the second case for
r = 8/3. At the end of our investigation the entropy was computed, which is—as it is well-known—a decreasing function of
the time when the functiond (¢; 9) are positive. This corresponds to the physical problem because those functions represent
densities; but in the mathematical problem the functidis; 6) can be partially negative, in particular at the initial time if
|r| > 1. For some nonsymmetrical cases the entropy can begin to increase, reach a maximum, and the decreases. For both
the cases—symmetrical and nonsymmetrical—it is possible to have global existence of the solutions for initial data which are
partially negative; this result is a new generalisation of former results, which were obtained for the Carleman model [2], and for
the Broadwell model [3].

The mathematical proofs for all these results—obtained numerically in the present investigation—are of course still open
problems.
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